Abstract. In this article we study quantitative recurrence for generic homeomorphisms on euclidian spaces and compact manifolds. As an application we show that the decay of correlations of generic homeomorphisms is slow.
Introduction
The Poincaré Recurrence Theorem states that, in a dynamical system preserving a probability measure on a polish metric space, almost every orbit returns as closely as you wish to the initial point. To be more precise, this means that:
Now, if a dynamical system preserve a probability measure on a polish metric space and is ergodic then almost every orbit hit as closely as you wish on a fixed point y on the support of the measure.
To be more precise, we have that:
lim inf n→+∞ d(T n (x), y) = 0.
In [Bo] Boshernitzam proved that in very general conditions lim inf n→∞ n β d(T n (x), x) < +∞ for almost every point with respect to an invariant probability measure and for some β > 0. This result means that the speed of recurrence is not too slow with respect the sequence n β . So, a natural question is if the recurrence can be arbitrarily fast and the answer is yes as we will see in theorem A. On the other hand, in [Bon] it is proved that in very general conditions lim inf n→∞ n α d(T n (x), y) = +∞ for almost every point with respect to an invariant probability measure and for some α > 0. This means that the speed of hitting is not too fast with respect the sequence n α . So, a natural question is if the hitting can be arbitrarily slow and the answer is yes as we will see in theorem B. We also investigate the same question but in a non-compact setting as we will see in theorem C.
Preliminaries
2.1. Compact manifolds. Let M be a compact connected Riemannian manifold with no boundary. The measures that we will work are given by the next definition: Definition 1. We say that a borel probability measure on M is an OU (OxtobyUlam) measure if:
(1) µ is nonatomic. This means that it is zero on singleton sets.
(2) µ is locally positive. This means that it is positive on every nonempty open set.
If µ is a probability measure on M and f : M → M is a measurable map then we say that f preserve µ if µ(f −1 (A)) = A for all borel sets A. Now, let us define the main space of this work.
Definition 2. If µ is an OU probability measure on M then we define:
f is a homeomorphism preserving µ} with the uniform topology given by the metric:
The space M[M, µ] is not complete with this metric but there exists an equivalent metric such that this space is complete with this new metric. Then we can apply the Baire Theorem for M [M, µ] . See [BF] for more details. A set which is the countable intersection of open sets is called a G δ set. We shall call a subset R ⊂ M [M, µ] generic if it contains a dense G δ set. It follows from the Baire Theorem that a generic subset is dense. Now, let us remember the classical Poincaré recurrence theorem.
Theorem 3 (Poincaré). Let us suppose that (X, d) is a complete and separable metric space and T : X → X a measurable map preserving a borel probability measure µ on X. Then:
(
So, an important problem is to study the speed of those limits.
2.2. Euclidian Spaces. Let us denote by R n the n−dimensional Euclidian Space and λ the lebesgue measure.
Definition 4. Let us define the following space:
is a homeomorphism preserving λ}
In this space we put the compact-open topology, where the basic open sets are given by:
where K ⊂ R n is a compact set and δ > 0. This space can be metrized as follows: Let K i be a sequence of compact sets whose union is X. Then the compact-open topology is induced by the complete metric
where
Remark 5. The metric space M[R n , λ] is complete and then we can apply the Baire Theorem. In particular we can define generic sets are before.
The Poincaré recurrence theorem also holds in this setting but we need an additional hypothesis.
Definition 6. We say that a measurable map T on (R n , λ) is conservative if always that E is a borel set such that {T −n (E)} n≥0 are disjoint then we have that λ(E) = 0
Now, let us remember the Poincaré recurrence theorem in this setting.
Theorem 7. Let us suppose that T is a measurable map conservative and invariant with respect to lebesgue measure on R n . Then:
It is well known that every ergodic map with respect to a non-atomic measure is conservative(see [Aa] ) and that the ergodicity is a generic property in (R n , λ)(see [BF] ) and then the Poincaré recurrence theorem holds in a generic set. Then it is a natural question to study the speed of recurrence in this setting.
Main statements
To finish we have a consequence on the decay of correlations. Before let us recall this notion.
Definition 8. Let φ,ψ:M → R Lipschitz functions on M . If (M, T, µ) is a measure preserving system then we say that T has a superpolynomial decay of correlations if:
where lim n→+∞ θ n n p = 0 for all p > 0 and ||.|| is the Lipschitz norm. Now, let us recall the definition of local dimension with respect to a measure.
Definition 9. Let µ be a borel probability measure on M . Then we define the local dimension of µ in x ∈ M as:
log µ(B(x, r)) log r if this limit there exists.
Then we have the following:
Corollary 10. Let us suppose that there exists y ∈ M such that d µ (y) > 0. Then there exists a generic set G 1 ⊂ M[M, µ] such that if T ∈ G 1 then the decay of correlations of T with respect to µ is not super-polynomial.
Proofs
Proof. (Theorem A) Let us begin with the following lemma:
Lemma 11. Let be µ an O.U. measure on M . Then, for every ǫ > 0 the set of
where P er(T ) denotes the set of periodic points of T .
Proof. Let be given ǫ > 0 and δ > 0. Using Vitali's covering lemma we can find a finite collection of disjoint balls
Now, we take balls V i ⊂ U i such that:
Then it follows from corollary 9 in [DF] that there exists g ∈ M[X, µ] and p ∈ N such that g p is the identity on V , g = T on U c and ||g − T || ≤ Diam(V ) ≤ δ. So, there exists g 1 ∈ M[X, µ] and p 1 ∈ N such that g p1 1 is the identity on V 1 , g 1 = T on U c 1 and ||g 1 − T || ≤ Diam(V 1 ) ≤ δ. If we repeat the argument for g 1 in place of T and so on we obtain g 2 , ..., g N in M[X, µ] and if we define g := g N then we have that g ∈ M[X, µ], g pi is the identity on V i for each i, g = T on (U 1 ∪ ... ∪ U N ) c and ||T − g|| < δ. As we have that µ(P er(g)) > 1 − ǫ then the proof is over. Now, let us come back to the proof of theorem A. Given T ∈ M[M, µ], we define:
Now, if we fix T ∈ M[M, µ], k > 0 and n ∈ N then we define:
Then, we have the following claim:
If we take k > c then there exists a sequence (n j ) in N such that r nj d(f (T nj (x)), f (x)) < k for all j ∈ N and this shows that x ∈ k>0 m≥1 n≥m X f n,k (T ). On the other hand if x ∈ k>0 m≥1 n≥m X f n,k (T ) then there exists k > 0 and a sequence n j in N such that r nj d(f (T nj (x)), f (x)) < k for all j ∈ N. Then we have that lim inf n→+∞ r n d(f (T n (x)), f (x)) < k < +∞. Then x ∈ R(T ) and this proves the claim.
As a consequence of the claim 1 we get the following claim:
Claim 2. µ(R(T )) > 1 − ǫ if and only if there exists k > 0 such that for all m ∈ N , there exists a positive integer l > m such that µ(
On the other hand, let us suppose that there exists k > 0 such that for all m ∈ N, there exists a positive integer l > m such that µ( 
Let us fix
). So, using the continuity of f we have that if S is sufficiently close to T in the uniform topology (see definition 2) then X
is open and finish the proof of claim 3. Now, let us define for each ǫ > 0 the set
It follows from claim 1 that R(T ) = k>0 m≥1 n≥m X f n,k (T ). Now, using the claim 2 we get that:
1/n will be the generic of Theorem A. Now, note that P er(T ) ⊂ R(T ) and then we have that {T ∈ M[M, µ] : µ(P er(T )) > 1 − ǫ} ⊂ R ǫ . So it follows from lemma 11 that R ǫ is dense and this proves the Theorem A. 
The equality follows from lemma 4. The opening follows from the same argument of claim 3 and will be omitted. So, let us prove the density. Using that µ(f −1 ({f (y)}) = 0 we get that:
and follows from lemma 11 that G ǫ,p is dense. The claim 5 is over now.
So, we have that G ǫ,p is a generic set for every ǫ > 0. Now, if we define:
This finish the proof of theorem B.
Proof. (Theorem C) Let us begin with the following lemma:
Lemma 12. Let be λ the lebesgue measure on R n . Then, for every ǫ > 0 the set of homeomorphisms T ∈ M(R n , λ) such that λ((P er(T )) c ) < ǫ is dense in M[R n , λ] with respect to compact open topology, where P er(T ) denotes the set of periodic points of T .
Proof. Let C(f, K, δ) a basic open set with respect to compact open topology. We can suppose without loss of generality that K is a compact cube. Given C a compact cube containing K ∪ f (K) in its interior. Then it follows from Lemma 12.2 of [BF] that there existsf ∈ M[R n , λ] which leaves C invariant, and agrees with f on K. Now, it follows from the proof of lemma 11 that there exists g ∈ M(C, λ), where M(C, λ) denotes the set of homeomorphisms of C such that the lebesgue measure is invariant, such that λ(P er(g)) > λ(C) − ǫ and d(g(x),f (x)) < δ for λ-qtp x ∈ C. Let C 1 ⊃ C be a cube concentric to C such that λ(C 1 − C) < ǫ and extend g to a homeomorphism of C 1 onto itself such that g it is equal to identity on the boundary of C 1 . Let A := C 1 − C and define for each borel set B ⊂ A the measures: µ 1 (B) = λ(B) and µ 2 (B) = λ (g(B) ).
Therefore by the Homeomorphic Measures Theorem (see Corollary A2.6 on [BF] ) there exists a homeomorphism h : A → A such that µ 2 (h(B)) = µ 1 (B) for each borel set B ⊂ A and such that h is the identity on the boundary of A. Now, define k : C 1 → C 1 such that:
k(x) = g(x) in C and k(x) = g(h(x)) in C 1 − C Proof. (Corollary 10) Let T ∈ M[M, µ] be a homeomorphism with superpolynomial decay of correlations. Then, if we take β > d µ (y) and t n := n −1 β we have that 0 < 1 β < 1 dµ(y) and then it follows from the proof of main theorem of [Ga] that the sequence of balls {B(y, t n )} is Borel-Cantelli, which means that µ({x ∈ M : d(T n (x), y) < t n f or inf initely many n}) = 1.
This implies that lim inf This shows that in this generic set the decay of correlations is not super-polynomial and the proof is over.
